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We consider Sturm-Liouville operators in the half axis generated by shifts of the potential and
prove that Lebesgue measure is equivalent to a measure defined as an average of spectral
measures which correspond to these operators. This is then used to obtain results on stability
of spectral types under change of parameters such as boundary conditions, local perturbations,
and shifts. In particular if for a set of shifts of positive measure the corresponding operators
have a-singular, singular continuous and (or) point spectrum in a fixed interval, then this set
of shifts has to be unbounded. Moreover, there are large sets of boundary conditions and
local perturbations for which the corresponding operators enjoy the same property.

Keywords.: Sturm-Liouville operator; Spectral measure; Singular spectrum; Shifted potentials

2000 Mathematics Subject Classifications: 34140; 34B0S; 34B24; 341L.05; 47E05

1. Introduction

In several proofs of localization phenomena a key step has been to establish absolute
continuity of measures u(-) = [ pu(-)dA generated as averages of spectral measures p;
which correspond to selfadjoint operators, particularly to Schrodinger operators.
Using various versions of an argument known as Kotani’s trick it can be shown that
the continuous spectrum is absent in some models. Depending on the case, the
averaging parameter A could be a boundary condition, a coupling constant in
a family Hy + AW or number related to a shift of the potential. See [6,7,9,10,12,13].
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Consider for example a family of self-adjoint operators Ly(q) in L,(0, c0) generated
by the differential expression

u=—u"+ qg(x)u
and the boundary condition
u(0)cosd — /' (0)sind =0, 6¢[0,m),

and let py be the spectral measure corresponding to Lg. The average u(-) := foﬂ pe()dO
is not only absolutely continuous with respect to Lebesgue measure, but is equal to it!
(See e.g. [5,11, Theorem 1]).

Using the absolute continuity of u the following can be proven (see e.g.
[2, Corollary 3.2]).

THEOREM 1 Let I be an open set in R. If for almost every E € I, there exists a nontrivial
L? solution of lu = Eu, then

oc(Lo)NI=¢

for almost every 6 €0, 7r), where o, denotes the continuous spectrum.

After realizing the usefulness of the absolute continuity of w it is natural to ask if
Lebesgue measure is absolutely continuous with respect to w and if this could be of
any use to understand spectral properties of the operators involved.

In this article, we give conditions which imply that Lebesgue measure and a properly
chosen average measure u have the same zero sets and apply this to prove stability
results concerning spectra, when potentials of half line Schrodinger operators are
shifted. In particular, if some spectral property holds for a set of positive Lebesgue
measure of shifts then the same property will hold for a set of positive Lebesgue
measure of other parameters, such as boundary conditions and local perturbations.

This will be a consequence of our main result Theorem 2. See for example Corollary 1
below.

In previous work [3] a similar approach was used to study local perturbations
with compact support. Here we shall consider situations where both shift and local
perturbations are present. In section 2 our main result is proven. The techniques rely
heavily on the Priifer transform which is an important tool in this article. In section 3,
we show how more general results can be obtained and some applications to
a-singular and a-continuous spectrum. Some of the methods used have their origin in
[10] and [13].

We shall use the notation R™ for the non-negative reals, i.e. RT = {aeR/a > 0}.

2. Main results

For each (a,0) e R x [0,7) let us consider the self-adjoint operator L, in Ly(0, o)
generated by the differential expression
2

l=—=
dx?

+ Vll(x)a
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where

as follows:
Lyou = lu for u in the domain of L, given by

D(Ly) = {fe L*(0,00): f.f" locally absolutely continuous in (0, c0),
lof € L(0,00), f(0)cos6 — f'(0)sin6 =0, 6€[0,m)}.

We assume /u = —u” + g(x)u is in the limit point case at co. The function ¢(x) is
local in L;.

If w and v are two measures we use the notation pu << v when u is absolutely
continuous with respect to v, that is if v(4) =0 implies u(4) =0. If © << v and
V<< u we say that the two measures are equivalent. We use |-|, to denote the
Lebesgue measure.

Let a» > a; > 0 and Ey > 0. For a Borel set 4 C [E), o0) define

polA) = / " pA)da,

1

where pg is the spectral function associated with the operator L.

THEOREM 2
1) pa() << -1
(i) If ax —ay > (m/Eo) then po(-) >>| - |.

Before we prove the theorem let us introduce notation and recall some results.
Consider real solutions u # 0 of /,u = Eu such that for fixed c € R"

u(c) = sin6
u'(c) = cosé.

If we write the vector (#/(x), u(x)) for x > 0 in polar coordinates we obtain

u(x) = re(x)sin ¢.(x)
u/ (x) = re(x) cos ¢e(x)

where ¢.(x,0,E, V,) and r.(x,0,E,V,) are called the Priifer phase and the Priifer
amplitude of u, respectively.

We fix a unique value of ¢. by requiring ¢.(c, 0, E) = 6 and continuity in x. These
functions r. and ¢, are jointly continuous in x, £ (use arguments similar to [15, Thm
2.1], [1, Thm Ch. 2.4], [4, Thm Ch. V.3]). This will be important in what follows.
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We shall need the next results
(a)

o1 B
pa((Er, E>)) = lim — | ro(b,6,E, V,) 2 dE
b—o00 TT E,

if E1 and E, are not discrete points of p,. See [11, Thm 2], E| < E,.
(b) Forany a,x,0, E€R

1 0+
1 / ra(x BE V) 2 dp = 1.

T Jo

See [13, Corollary 12] and [14, Appendix B].
(c)

0 — cos? o)+ (E — V) sind ()

This follows from a straightforward calculation.

Proof of Theorem 2
We use an argument similar to the one used in [13] where (I) was proven for the case
of the whole line. Given any E| < E»,0 < Ey < E| the measure p, IS continuous in
E, and E, for almost any a.

From (a) above we know that

> a E>
W(Er Ey) = f puolEr, Ex)da = f [bhml / ro(b + .6, E. Va)sz}da (1)
—00 JT

aj aj E

We shall forget for a while the limit which appears in the expression (1). Our aim is
to get first the estimate (5) below.
Since

0 (b +a,0, E, Va) = ro(a, 0,E, O)ra(b +a, ¢o(a, 0, E,0), E, Va)
= V()(Cl, 99 Ea O)VO(ba ¢0(d, 99 Ev O)an q(x)) (2)

we obtain
E> 5
[t +aov) dE}da

[l
ap T El
) 1
:/ da—|:
ap T

£
/ dE(ro(a.6, E.0) *ro (b, do(a.6, E,0), E, q(x))_2>:|

E;
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Since ro(a, 0, E,0) is uniformly bounded for (a, E)€[a;,ax] X [E|, E>] (use joint
continuity) and interchanging the order of the integrals, we get that

E> 153
a / dE / daro(b, d(a, 6, E,0), E, q(x)
E, ay

) 1 E> _
Z/ ;[/ (ro(b + a, 6, E, V) 2dE]da

£y

Es 1)
e / dE f daro (b, go(a. 6. E.0), E, g(x)) > 3)
E, ap

where we can choose, for example, C; and C, to be the sup, respectively the inf],
of ro(a, 0, E,0) when (a, E) €a;,a] x [Ey, E>].
Now if we denote

Bla) := ¢o(a, 0, E,0)
and change variables we obtain

Bla) g B

f daro(b, B@). E.q(x) > = / ro(b. Ba). E. () .

a aa) B(@)

Since
min{1, £} < #'(a) < max{l1, £},

(see (c) aforementioned) and recalling that £ €[E), E>] then

)

Blaz) >
cs /ﬁ ro(b. B E. q(x) 2 dp = / daro(b. Bla). E, q(x))

(ar) aj

B(az) 5
> ¢, fﬂ ol pEa) " ap @)

for suitable positive constants Cs, Cy.
From inequalities (3) and (4) we obtain

E> Blaz) ) E)
Cs f dE[ /ﬂ ro(b,ﬂ,E,q(x))zd,B]z / 711[ / (ro(b + a,6, E, Va))2dE]da

E, (a1) E

E> Blaz)
- Gy / dE[ /ﬁ ro(b,ﬂ,E,qu))zdﬂ} )

E; (a1)

for some positive constants Cs, C.
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Proof of (1)
Splitting the interval [B(a;), B(a2)] into intervals of length at most & yields by (b)
aforementioned

Blaz) B
/ ro(b B.E.q(x) " dp < ”(M + 1>,
B

(a1) T

therefore from the first inequality in (5) we get

) 1 E>
C7(E2 — El) > / da[;/ V()(b +a,6,E, Va)_2 dE:|

Ey
Applying Fatou’s lemma we obtain
C1(Er — EY) = pe(Ey, E).

Using countable additivity part (I) of the theorem follows for general Borel sets.

Proof of (1I)
Let us look now for conditions on «a;,a, which imply B(a;) — B(a;) > 7. Since in the
definition of B the potential zero was used, it is possible to calculate B explicitly.
Observe that u(x) := sin(a + /Ex), where o := arctan(+/E tan 6) € [0, 7), satisfies the
equation

—u"(x) = Eu(x)
and the conditions

u(0) = sin 6
1/'(0) = cosé.

We can then write
B(x) + nmt = ¢o(x, 0, E, 0) + nw
= arg (/' (x) + iu(x)) + nw

= arg (VEcos(a + VEX) + isin(a + vEx)) + nx
= arg (VEcos(a + vVEx + nr) + isin(a + v Ex + nr))

= ﬂ(x—i—%).

Since B(x) is increasing (see (c) aforementioned) then a» —a; > (7/vE) implies

Bla) — Bla)) = 7.
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Therefore using (b) we get

/ﬂ(az) (b )) - q c T
ro(b, B, E, q(x Bzn ifa—a >—.
Blar) VE

We can conclude that

5] Ez
— 7 b+a,9,E,Vg)2dE]dazC(E —E) ifap—a >—.
/al ﬂ[/;] o( (L2 1) =)~

To be able to consider the limit which appears in (1) we shall bound

~ E2
Fy(a) == / ro(b+a,0,E, V) >dE
Ey

for every b > 0 and apply the Lebesgue-dominated convergence theorem. Observe that
using the decomposition (2) it is enough to bound

E>
Fi@ = [ (b pla Eq() 7 A
Ey
From Lemma 1 of [11] we know that

T
F,,(a):/o ,uf;(a)y(El,Ez)dV

where ng is the spectral measure associated with the regular problem in [0, 5] with
boundary conditions

u(0)cos B —/(0)sin =0
u(b)cosy — u/'(b)siny = 0.

In the same article [11] it is observed (see proof of Corollary 3) that these measures
are uniformly bounded in b, 8, y. Hence the boundedness of F follows. Therefore

wo(Er, Er) = Cy(E> — Ey)

and using countable additivity we get (II) for general Borel sets. |

COROLLARY 1 Let I:=(E, E;) CRT open and define Ly as above. For any a € R, the
operator Ly has singular continuous spectrum in I for a set of positive Lebesgue measure
of 0’s, if and only if for any 6 € [0, 7), Ly has singular continuous spectrum in I for a set B
of a’s of positive Lebesgue measure.

Moreover \Bﬁ [al,a2]| >0 ifay—a; >—— where 0 < Ey < EJ.

«/_
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Proof =) Let S be the set of points £ for which there are subordinate solutions
of l,u = Eu which are not in L,. It is known that this set is a support of the singular

continuous part of L, and it does not depend on a and 6. Since p,(SNT) > 0 for
a set of positive measure in 6 by hypothesis, using equality

ISN1 = f 0a6(S N 1)
0

we deduce |[SN 1| > 0. This implies using Theorem 2 (II) that ue(SN 1) > 0 for any 6 if
ar —ay > (w/+/Ep). From here we know p,(SN 1) > 0 for a € B where B satisfies

}Bﬂ[al,az]‘ >0

<) Assume L, has singular continuous spectrum in / for a set B of a’s of positive
Lebesgue measure. Then p,»(SN 1) > 0 for ae B and

/ (SN IT)da > 0.
B

Therefore there exists an interval J = [a;, ;] such that

/,oag(S N 1)da > / paw(SNIT)da > 0.
J BNJ
Using Theorem 2 (I) we obtain |[SN /| > 0 and therefore
/ Pae(SNI1AO=|SNI >0
0

for every fixed a. Therefore L, has singular continuous spectrum in / for a set
of positive Lebesgue measure in 6. |

Remark If instead of taking the support S as above we take the set P which
corresponds to subordinate solutions which are in L, we get the same result for the
pure point part and taking P U S, we obtain the result for the singular part of L.

3. Generalizations

Recall the construction of L, given in section 2 and choose ¢(x) = V(x) + AW(x)
where we assume W(x) > 0 for a.e. x€[0,c] and W(x) =0 for every x £[0,c]. The
corresponding operator and spectral function will be denoted by L., and pue
respectively. Fixing two of the three parameters «,A,6 we define lines in
R* x R x [0, 7) as follows

/= {(a,k, 0) e R™ x R x [0, )/two parameters are fixed. In case (a,6)
are fixed, set a = 0}.
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The set of all lines defined in this way will be denoted by M. Now consider the set
P, P C M defined in the following way

P ={le M/3a BCL|B| > 0 such that 6(Lg,;,6) NI # ¢ for (a,1,6) € B}.

Here |-| denotes the one-dimensional Lebesgue measure and o = oy, opp OF 0
where, as usual, oy, opp, 05 denote the singular continuous, pure point, and singular
spectrum respectively.

THEOREM 3
P=M or P=¢.
Proof 1If Iis open we know that
0(Lar,0) NI # ¢ pay,e(ANT) >0 (6)

where A =S,P or SUP, as defined in Corollary 1 and the Remark following it,
depending on whether o is oy, 0pp or o;. See for example [2, Corollary 2.8]. On the
other hand we know

A2 ) T
]~ / posa(-)dx ~ / pasal(-)da ~ /O Puss()d0 ™

A ai

where ~ denotes equivalence of measures (two measures are equivalent if they have
the same sets of measure zero), if we take A, — Aj, @y — @) large enough. If not, then
the measures defined as averages are just absolutely continuous with respect to
Lebesgue measure.

The first equivalence is the main result in [3], the second is Theorem 2 above, and the
third goes back to [5].

The theorem then follows from (6) and (7).

Let us for example fix a = 0,6 = 6, and let A vary in R. Assume there is a set BC R
of positive Lebesgue measure such that for A € B

O’(Lo,)\’go) N I;é ¢
In other words, assume that the line {(0, A, 6y)/A € R} is in P. Then we know by (6),

that pg,»,6,(4A N 1) >0 for A € B. Using that f;f P026,(-)dL << | - | (with no restrictions
on the length A, — A) it follows that |4 N /| > 0 and from (7) we obtain

o(Laro) NI # ¢

for a set of a’s of positive measure. The other cases are proven analogously. |

In the case o = oy, We can choose

q(x) = V(x) + AW(x) + U(x)
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where U is locally L and
/‘lU(x)|eA‘x| dx <oo forall 4 >0.

Using [8, Corollary 1.8], Theorem 3 can be proven in this case too.

ProposiTiON 1 Let I be an open interval 1 C[Ey,00), Ey > 0 and define
B :={aeR"/o(Laue,) N1+ ¢}.
If |B| > 0 then
[BN[ar,a]l >0

wherever a, — a; > (w// Ey). In particular B is unbounded.

Proof From (6), if a€ B then pge,(ANI1)>0and 0 < f;lz Pargty(A N T)da for some
ay < ar if |B| > 0.

From Theorem 2(I) it follows |ANI| >0, and taking «; <a, such that
a» — ay > (w/~/Ey) then from Theorem 2(II) we get

/ Parety(ANT)da > 0

ap

and therefore |B N [a;, ax]] > 0 using (6) again. |

Similar results can be obtained for the a-continuous and «-singular spectrum. Recall
that for « €0, 1] the @-dimensional Hausdorff measure is defined for Borel sets A by

00
“(4)=1i inf «
f ( ) Sl—%ﬁ-ég\lers; |bV| ’

where a §-cover is a countable collection of intervals each, at most, of length § so
AC UL, b,.

Given « €0, 1] we define a measure u to be a-continuous («c) if u(S) = 0 for any set
S with 4*(S) = 0 and «-singular (as) if it is supported on a set of S with 4%(S) = 0.
For every such « and any measure u, one can uniquely decompose pu = u® + u*
with u*«a-continuous and u*, a-singular.

Denote p := pg4. It is possible to find sets 4, and B, such that

dp® =dp(4,N ")
dp* =dp(Bs N .)

and it happens that 4, and B, are independent of 0,a and A. See [8] and references
therein.
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Using the same reasoning as above one can prove Theorem 3 for the a-singular and
a-continuous part of the spectral measure. We get for example

Theorem 4 If p35 4. (I) > 0 for a€ B where I is an open interval, |B| > 0 and X, 0y are

Jixed then o3 o(I) > 0 for 6 € B, |B| > 0 for any ag, Lo fixed.
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