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Abstract

We give conditions which imply equivalence of the Lebesgue measure with respect to a measure p
generated as an average of spectral measures corresponding to Sturm-Liouville operators in the half axis.
We apply this to prove that some spectral properties of these operators hold for large sets of boundary
conditions if and only if they hold for large sets of positive local perturbations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

A key step in important results concerning localization phenomena has been to establish ab-
solute continuity of measures wu(-) := f 0, (-)dX generated as averages of spectral measures p;,
which correspond to self-adjoint operators.

Let us for example consider a family of self-adjoint operators Ly(g) in L3(0, 0o) generated
by the differential expression

lu=—u"4+qg(x)u
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and the boundary condition
u(0)cos® —u’'(0)sind =0, 6 [0, m),

and let py be the spectral measure corresponding to Ly. The average u(-) := fon po(+) dB is not
only absolutely continuous with respect to Lebesgue measure, but is equal to it! (See e.g. [9,
Theorem 1].)

Using the absolute continuity of u the following can be proven (see e.g. [4, Corollary 3.2]).

Theorem 1. If for almost every E € I, I C R, there exists a nontrivial L* solution of lu = Eu,
then

oc(Lo)NI =0

for almost every 0 € [0, ), where o, denotes the continuous spectrum.

For a survey of other localization results related to the absolute continuity of averages as u
see [12].

In this paper we give conditions which imply that Lebesgue measure and a properly chosen
average measure (4 have the same zero sets and apply this to understand some aspects of the spec-
tral theory of Sturm—Liouville operators with local perturbations. In particular, if some spectral
property holds for a set of positive Lebesgue measure in the boundary conditions we can show
that this property holds for a set of positive measure of local perturbations leaving any boundary
condition fixed. This will be a consequence of our main result Theorem 3 below. In Section 2
our main results are proven. The techniques used rely heavily on the Priifer transform which
is a very useful tool in this paper. In Section 3 we show consequences of the previous results,
some applications to «-singular and «-continuous spectrum are given and an open question is
presented. Some of the methods we used in this paper have their origin in [7].

2. Main results

For each (A,0) € R x [0, ) let us consider the self-adjoint operator L,y in L, (0, 0o) gener-
ated by the differential expression

2

l,\uz—d—2+V(x)+)»W(x) (D
dx

as follows: Ly gu := I, u for u in the domain of L,y given by

D(Ljyp) = {f € LZ(O, 00): f, ' locally absolutely continuous in (0, 00),
b.f € Ly(0,00), f(0)cos — f'(0)sinf =0, 6 €[0,7)}.

We assume L,y is regular at 0 and the limit point case holds at co. See for these concepts [2]. The
functions V and W are real-valued and locally in L!. We assume W (x) > 0 for a.e. x € [0, ]
and W (x) =0 for every x ¢ [0, c].

Denote by pf the spectral function of the operator L,g.

Using the same differential expression (1) we define a regular problem in the finite interval
[0, c] setting for 6 € [0, ) the boundary conditions

{u(O)cosG —u’(0)sinf =0,

2
u(c) =0. @
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Definition 1. Fix £ € R and let us call A(E) an eigenvalue if there is a nontrivial solution u of
[, u = Eu which satisfies the conditions (2).

The following result is due to C. Sturm and J. Liouville [13]. For more recent references see
for example [2, Theorem 2.1, Chapter 8, p. 212], [5, Chapter XI, p. 337], [14, Theorem 13.2],
[1, Theorems 8.4.5 and 8.4.6].

Theorem 2. There exists a monotonous decreasing sequence of eigenvalues A0 > A
2@ > ... such that AW — —o0 if n — oo.

If © and v are two measures we use the notation u < v when u is absolutely continuous
with respect to v, that is if v(A) =0 implies u(A) =0. If © < v and v <  we say that the two
measures are equivalent. We use | - | to denote the Lebesgue measure.

Let A be a Borel set A C (E1, E>) and define a measure (g as follows:

A2
1o (A) = / p3(A)d..
Al

The next result gives conditions which imply equivalence between g and | - |.
Theorem 3.

M If 1 < APHD(ED) < AW (Ey) < Ay where A" are eigenvalues of the regular problem in
[0, c] mentioned in previous theorem then | - | < Wg.
(D) If 21 < A then pg < | - |-

Before we prove the theorem let us introduce notation and recall some results.
Consider real solutions u = 0 of I u = Eu such that for fixed a € R,

u(a) =siné,

u'(a) = cosé.

If we write the vector (u/(x), u(x)) in polar coordinates we obtain

u(x) =rq(x)sing,(x),
u'(x) = rq(x) cos du (x),

where ¢, (x,0, E, L) and r,(x, 0, E, 1) are called the Priifer phase and the Priifer amplitude of u.
We fix a unique value of ¢, by requiring ¢,(a, 9, E, A) = 6 and continuity in x. These func-
tions r, and ¢, are jointly continuous in x, E and A (use arguments similar to [14, Theorem 2.1],
[2, Theorem, Chapter 2.4], [S, Theorem, Chapter V.3]). This will be very important in what fol-
lows.
We shall need the next results

E;
6 : 1 -2
(a) P ((E1, E)) = lim — [ ro(h,6, E, 1) *dE
b—oo T
E;

if E1 and E; are not discrete points of ,of. See [9, Theorem 2].
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() (@) (02¢a) (x, A) = — /W(t)ra(t W) sin® ¢ (1, ) dt,

ra(x A)2
1 X
(ii) Orpa) (X, E) = ———— / ra(t, E)sin® ¢, (1, E) dt.
ra(xa)\)z
a
See [11, Appendix B].
(c) Foranya,x,0, E €R,
O+m
1 -2
— rqe(x,B,E)""dB =1.
T
0

See [10, Corollary 12] and [11, Appendix B].
(d) For the Priifer phase ¢, of a solution of [, u = Eu we have

¢a(p,\) > 00 asr— —o0

for any point p € supp W (see [2, formula (2.5) in the proof of Theorem 2.1, p. 212] or [14,
Theorem 13.2, part (c)]).

Proof of Theorem 3. We use an argument similar to the one used in [11, Lemma 5.10] where
(IT) was proven for the case of the whole line. Given any E| < E», the measure pf is continuous
in E1 and E; for almost any A.

From (a) we know that

A2 A2 E
0 .1 )
wo((Er. E0) = [ o ((Er. Ew) di= [ [blggo + [ rw.o.E dE} a0

Al Al Ey

Letb > c>0wherec=supSand S = {x: W(x)#0}=suppW.
Let us estimate

Ao Ep
/%{/(ro(b,e,E,,\))‘sz} dh.

A E
Using Fubini we can interchange integrals and from the equality

ro(b,6, E, )" =ro(c, 0, E, ) *re(b, do(c, 0, E, 1), E)

and the fact that ry is jointly continuous in E and A and strictly positive we get

E» Ao
1 ~
— sup {ro(c,e,E,A)*z}/dE /rc(b,qﬁo(c,O,E,A),E) 2o
T E€lE, B
AE[M1,A2] E, Al
Ao E, A2

2/;[/@0(19 6,E,1)" dEi| dA_—/|:/ ro(b,G,E,)L)]_Zd)L:| dE

Al E; E;r =
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Ey A
! -2
> — inf ,Q,E,)»*Z dE b, L0, E M), E dan |
T Ee[lEnl,Ez]{rO(c ) }/ [/rc( do(c ), E) i|
r€[A1,A2] E Y

Define (1) :=¢o(c, 0, E, ).
From (b)(i) we know that 8’(1) < 0. Changing variables we obtain

) B(r2) . E)_2 B(r1) 1

(b, )L,E_zd)h=/7rc” d=/ re(b, B. E) "2 dB.
fd $o(1). E) e dp= [ (b p By ap
Al B1) B(r2)

Using (b)(i) and the fact that rg is jointly continuous in A and E we obtain

ra(t,0, E,A)sin’ ¢o(t, 0, E, 0) dt
r3(c,0,E, )

Wunszm
0

/E ()ro(t 0, E, ) dt
(c 0,E,\)

S te[0,c {; (C 6 E ‘“)}/ ()dt
S su
,C ()( )

E€[Ey, k3]
AE[A1,2]

C

su ry(t,0,E, A

< Pr.E.x 0( )/W(t)dt
1nfEArO(c6 E )\.)

therefore
1 > infr0 (c,0,E, M)
1B’ )]~ suprd(t,0,E, %) [y W(t)dt
On the other hand we have that
(t 0, E, k)
ry 2(c,0, E, A)

>0

for ¢ € [0, c] locally uniformly in E, A and, since sin¢q(-, 8, E, A) has only isolated zeros,
/W(z)sin2¢0(z,9, E,\)dt > 0.
By continuity in £ and A we arrive at

e 1nf /W(t)sm ¢o(t,0, E,\)dt >0
rE [)»1 )»2] 0
and
1
<C
18" (M
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Altogether we get

B1) A2 B(1) )
C / rc(b,,s,E)*zdﬁ>/rc(b,¢o(x),E)*2dx= / %dﬁ
B(k2) i B2) e
B(1)
> K / re(b, B, E)"2dp
B(r2)
hence
E B(1) A2 Er
C‘/dE[ / re(b, B, E)_zdﬂ:| ;/l[/(ro(b,Q,E,A))_sz} di
E; B(r2) A " Eq
Ex A
=l/ |:/r0(b,9,E,k)2dk:| dE
nEl A
E> B
>5de[ f rc(b,,B,E)_zdﬂj|,
Ej B(r2)
where
i=1 i {rob,0,E,1)72}K  and =1 sup  {ro(b,0, E,1)72}C.
T E€[E,E;] T Ee[E),Ea]
A€[A1,22] AE[A1,A2]

In order to handle the limit that appears in (3) we would like to get estimates for
B(A1)
| rewpprag
B(r2)

which are independent of b. To accomplish this we look for conditions on X, Ap which guarantee
that B(A1) — B(A2) = 7 and then apply result (c) mentioned above.

To prove (I) we need an estimate from below. From (b)(i), (ii) and (d) we know that B(A) =
do(c, 0, E, )) is decreasing in A, increasing in E and B(A) — oo if . - —oo or E — 00. More-
over, A is an eigenvalue of the problem with boundary conditions (2) if and only if B(A) =mm.
For fixed E choose two consecutive eigenvalues A", A1 of this problem and take

Ao > AW S 3D o o,

then we will have (1) — B(A2) > m. Now since f is increasing in E we can choose
Ao =AW (Ey) > AMTD(E) > A1 and we get

B\, E)—B(Ay, E) > forevery E € [Eq, E3],

then we can conclude

%) E;
1 _2 i

Al E\
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To get the estimate from above that we need to prove (II) it is not necessary to impose extra
conditions on A1, A2. We split the interval [8(X2), B(11)] into intervals of length at most = and

apply (¢),

B(A1)
/ re(b, B, E)2dp < n(M + 1).

B(r2) i

Remember that (1) = ¢o(c, 0, E, A) is bounded locally uniformly in E, then

) E;

f 1 [ f (ro(b.0. E, A))_ZdE:| dr <7C(Ey— E)),

Al g E;

where

C = (BG1) — B(r2) + ) C(E2 — Ey).

Since % fgz (ro(b, 0, E, )»))_2 dE is bounded uniformly for every b > ¢ and A € [A1, A2] (use
[8, Lemma 1.1, Chapter 2] and joint continuity) we can apply the Lebesgue theorem of dominated
convergence to obtain

7C(Ex— EV) 2 po((E1, E2)) = wé(Ez — En).

Using countable additivity the theorem follows for general Borel set A. O
The following result is a consequence of Theorem 3.

Corollary 1. Let I := (E1, E;) C R be open and define Ly as above. For any ) € R, the op-
erator L,g has singular continuous spectrum in I for a set of positive Lebesgue measure of 0’s
if and only if for any 0 € [0, ), Lyg has singular continuous spectrum in I for a set B of \’s
of positive Lebesgue measure. Moreover, if A\ (E) are the eigenvalues of (1) with boundary
conditions (2), then

|B N [A(”+1)(E1), A(")(Eg)]| >0 foreveryn>0.

Proof. (=) Let S be the set of points E for which there are subordinate solutions of ,u = Eu
which are not in L,. It is known that this set is a support of the singular continuous part of Ly
and it does not depend on A and 6 (see [6]). Since ,of (SN 1I) > 0 for a set of positive measure in
6 by hypothesis using equality (see e.g. [9])
b4
1SN 1| =/p§(sm)d9
0

we deduce |S N | > 0. This implies using Theorem 3(I) that e (SN I) > O for any 6. From here
we know ,of(Sﬂ I)>0for A € B and

|BN[A"TD(E), A" (EY]| > 0.

(<) Assume Ly has singular continuous spectrum in / for a set B of A’s of positive Lebesgue
measure. Then pf (SNI)>0forAe Band

/pﬁ(sm)d,\ > 0.
B
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Therefore there exists an interval J such that

/pf(sm DHdxr> f (SN T)dxr > 0.
J BNJ
Using Theorem 3(II) we obtain |S N /| > 0 and therefore
T
/pf(sm)dez ISNI|>0
0

for every fixed A. Therefore L,g has singular continuous spectrum in / for a set of positive
Lebesgue measure in 6. 0O

If instead of taking the support S as above we take the set P of subordinate solutions which
are in Ly we get the same result for the pure point part and taking P U S we obtain the result for
the singular part of L,g.

3. Consequences and remarks

For the pure point part of the spectrum the following result can be proven. Define L;q(U) as
it was done in Section 2 but using instead the differential expression

2

d
LU)==——=5+Vx) + Uk +1W(),
dx

where we assume V is bounded from below (L9 = Ljg(U) if U = 0). Using Corollary 1.8 of
[6] the following version of Corollary 1 above can be proven:

Proposition 1. For any A € R the operator Ly has point spectrum in I for a set of positive
Lebesgue measure in 0’s if and only if for any 0 the operator L,g(U) has point spectrum in [
for a set of \’s of positive Lebesgue measure. We assume the function U (x) is locally in L1 and

/|U(x)|eA‘x|dx <00
forall A > 0.
We recall the following related result which was proven in [4].

Corollary 2. Let I C R be open. If Lo(q) has singular continuous spectrum in I for a set of
positive measure of 0’s, the same is true for g + v where v is a perturbation of compact support
(v does not need to be positive).

The next proposition states that, in a way, the roles of 8 and v in Corollary 2 can be exchanged.
The proof follows directly from Corollary 1.

Proposition 2. Let 6y, 6, € [0, ). The operator Lyg, has singular continuous spectrum in I for
a set of positive Lebesgue measure in A if and only if L)g, has singular continuous spectrum in
1 for a set of positive measure in \.
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Similar results can be proven for the «-continuous and a-singular spectrum. Recall that for
a € (0, 1) the a-dimensional Hausdorff measure is defined for Borel sets A by

o
o — 13 : o
)= i ot D
v=1
where a §-cover is a countable collection of intervals each of length at most § so A C (52 | by.
Given « € [0, 1] we define a measure p to be a-continuous («c) if ;£ (S) = 0 for any set S with
h%(S) = 0 and «-singular (as) if it is supported on a set S with 2% (S) = 0. For every such « and
any measure i, one can uniquely decompose pu = u*“ + u** with u%¢ a-continuous and u*’,
a-singular.
Denote p := ,of. It is possible to find sets A, and B, such that

dpac = dp(AOt N ')7
dp*“ =dp(BgN.)

and it happens that A, and B, are independent of # and A. See [6] and references therein.
Using the same reasoning as above one can prove Proposition 2 and Corollary 1 for a-singular
and «o-continuous instead of singular continuous spectrum.

Remark. Define B to be the set of A’s such that L,g has singular continuous (point, singular,
«-continuous, «-singular) spectrum in an interval I = (E1, E;). From the results above, it fol-
lows in particular that it is not possible to have |B| > 0 and B C J where J is a finite interval,
since |B N [A"TD(E)), A (E»)]| > 0 for every n >0 and A" — —o0 if n — oo. It remains to
answer this for 6. We believe it is possible to have a set T of 6’s such that |T| >0and T C J
where J is an interval properly contained in [0, ). Our belief is based on the following result
[3, Theorem 1.2] with regard to abstract rank one perturbations. Let A be a self-adjoint operator
with a cyclic vector ¢. Denote by A, the perturbations of A:

Ay=A+ 21,00, LeR.

Theorem 4. For any measurable set B C R there exists a family of rank one perturbations
{Ax}rer such that A; has dense absolutely continuous and dense singular spectrum for almost
every A € B and dense absolutely continuous (but no singular) spectrum for almost every A ¢ B.
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